An algebra of distributions related to a star product with separation of
  variables by Karabegov, Alexander
ar
X
iv
:1
90
8.
01
41
8v
3 
 [m
ath
.Q
A]
  9
 A
ug
 20
19
AN ALGEBRA OF DISTRIBUTIONS RELATED TO A
STAR PRODUCT WITH SEPARATION OF VARIABLES
ALEXANDER KARABEGOV
Abstract. Given a star product with separation of variables ‹
on a pseudo-Ka¨hler manifold M and a point x0 P M , we construct
an associative algebra of formal distributions supported at x0. We
use this algebra to express the formal oscillatory exponents of a
family of formal oscillatory integrals related to the star product ‹.
1. Introduction
Berezin and Berezin-Toeplitz quantizations on a Ka¨hler manifold M
which depend on a certain small numerical parameter h produce defor-
mation quantizations with separation of variables on M of the anti-
Wick and Wick type, respectively, via an asymptotic procedure as
h Ñ 0 (see [2], [3], [4], [5], [6], [10], [14]). In the deformation quanti-
zation formalism, the small asymptotic parameter h is replaced with
the formal parameter ν. Deformation quantizations with separation
of variables exist on arbitrary pseudo-Ka¨hler manifolds and admit a
bijective parametrization by ν-formal pseudo-Ka¨hler forms.
Both Berezin and Berezin-Toeplitz quantizations are based upon an
integral operator, the Berezin transform, which maps contravariant
symbols to the corresponding covariant symbols. The h-dependent
Berezin transform admits an asymptotic expansion as h Ñ 0 which
gives a ν-formal differential operator on M , the formal Berezin trans-
form. Any deformation quantization with separation of variables has
the corresponding formal Berezin transform from which it can be com-
pletely recovered. A formal Berezin transform can be expressed in
terms of what we call a formal oscillatory integral.
It was shown in [14] and [13] that there exists a formal algebraic
counterpart of an oscillatory integral with a complex phase function on
a manifold M . It is called a formal oscillatory integral (FOI). A FOI is
given by a fixed point x0 PM and a formal oscillatory integral kernel,
(1) exppϕq ¨ ρ,
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where ϕ “ ν´1ϕ´1`ϕ0`. . . is a ν-formal complex phase function onM
such that x0 is a nondegenerate critical point of ϕ´1 with zero critical
value, ϕ´1px0q “ 0, and ρ “ ρ0`νρ1` . . . is a ν-formal complex volume
form on M such that ρ0 does not vanish at x0. We call pϕ, ρq a phase-
volume form pair at x0. A FOI associated with the formal oscillatory
kernel (1) is a ν-formal distribution Λ supported at x0 which actually
depends only on the jet1 of (1) at x0. A FOI is described by algebraic
axioms in terms of its oscillatory kernel. Heuristically, the ν-formal
distribution Λ gives an interpretation of the formal expression
Λpfq “ ν´
n
2
ż
M
eϕf ρ,
where n “ dimM and f is an amplitude supported near x0.
Let ‹ be a star product of the anti-Wick type on a pseudo-Ka¨hler
manifold M , I be its formal Berezin transform, µ be its formal trace
density, and x0 be a point in M . It was shown in [14] and [13] that the
ν-formal distribution
(2) Kplqpf1 b . . .b flq :“ pIf1 ‹ . . . ‹ Iflqpx0q
on M l is a FOI at the diagonal point px0q
l :“ px0, . . . , x0q P M
l. Its
formal oscillatory kernel is
(3) exp
`
F plq
˘
¨ µbl,
where the jet of F plq at px0q
l is expressed via what we call a cyclic
formal pl ` 1q-point Calabi function of the star product ‹ (see details
in the main body of the paper).
In this paper we describe an associative algebra of ν-formal distribu-
tions supported at x0. For each l ě 1, the jet of the oscillatory exponent
expF plq at px0q
l is naturally expressed in terms of this algebra.
Many constructions in this paper depend on jets of functions at a
given point but are stated in terms of functions which represent these
jets. These representatives exist by Borel’s theorem.
2. Formal oscillatory integrals
Formal oscillatory integrals were introduced in [14] and developed
further in [13]. Given a vector space V , we denote by V ppνqq the space
of ν-formal vectors
(4) v “ νrvr ` ν
r`1vr`1 ` . . . ,
1All jets of functions considered in this paper are jets of infinite order given by
the full Taylor series.
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where r P Z and vk P V for all k ě r. The subspace V rrνss Ă V ppνqq
consists of the vectors (4) with r “ 0.
Let, as above, M be a manifold, x0 be a fixed point in M , and pϕ, ρq
be a phase-volume form pair at x0. Two pairs, pϕ, ρq and pϕˆ, ρˆq, at x0
are called equivalent if there exists a formal function u “ u0`νu1` . . .
on a neighborhood of x0 such that
ϕˆ “ ϕ` u and ρˆ “ e´uρ.
Hence, it is natural to write the equivalence class of a pair pϕ, ρq as (1).
Given a pair pϕ, ρq and a ν-formal volume form ρˆ “ ρˆ0 ` νρˆ1 ` . . .
such that ρˆ0 does not vanish at x0, there exists a formal phase function
ϕˆ such that the pairs pϕ, ρq and pϕˆ, ρˆq are equivalent.
Definition 2.1. Given a pair pϕ, ρq on a manifold M at x0 P M , a
formal distribution Λ “ Λ0 ` νΛ1 ` . . . on M supported at x0 is called
a formal oscillatory integral (FOI) associated with the pair pϕ, ρq if
Λ0 ‰ 0 and
(5) Λ pvf ` pvϕ` divρvqfq “ 0
for any vector field v and any function f on M .
Here divρv “ Lvρ{ρ is the divergence of the vector field v with respect
to ρ and Lv is the Lie derivative with respect to v. As shown in [13],
Λ0 “ αδx0 ,
where α is a nonzero complex constant and δx0 is the Dirac distribution
at x0, δx0pfq “ fpx0q. For any pair pϕ, ρq there exists an associated
FOI which is determined up to a formal multiplicative constant cpνq “
c0`νc1` . . ., where c0 ‰ 0. In particular, there is a unique such FOI Λ
for which Λp1q “ 1. If a FOI is associated with a pair pϕ, ρq, then it is
associated with any equivalent pair. If Λ is a FOI at x0 associated with
a pair pϕ, ρq and txiu are local coordinates on a coordinate chart U
containing x0, then the pair pϕ, ρq is equivalent to some pair pψ, dxq on
U , where dx “ dx1 ^ . . .^ dxn. In terms of the pair pψ, dxq, condition
(5) can be stated as follows,
(6) Λ
ˆ
Bf
Bxi
`
Bψ
Bxi
f
˙
“ 0
for any i and any function f , because divdxpB{Bx
iq “ 0.
It is clear from the definition that a FOI at x0 associated with a pair
pϕ, ρq depends only on the jets of ϕ and ρ at x0. It was shown in [13]
that if a FOI Λ at x0 is associated with pairs pϕ, ρq and pϕˆ, ρq with the
same volume form ρ, then the jet of ϕˆ´ϕ at x0 is a ν-formal constant.
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This result is based on the following important statement. Given a
FOI Λ at x0, consider a pairing on C
8pMqrrνss given by the formula
(7) pf, gqΛ :“ Λpf ¨ gq.
This pairing depends only on the jets of f and g at x0 and therefore it
induces a pairing on the space F of ν-formal jets at x0. The induced
pairing will be denoted by the same notation p¨, ¨qΛ.
Lemma 2.1. For any FOI Λ at x0 the pairing (7) on F is nondegen-
erate.
We will give a shorter and more conceptual proof of this lemma than
the one given in [13].
Proof. Let Λ be a FOI at x0. Fix a coordinate chart U containing x0
with local coordinates txiu. The FOI Λ is associated with some pair
pψ, dxq on U . For any functions f, g, we have from (6) thatˆ
Bf
Bxi
, g
˙
Λ
`
ˆ
f,
Bg
Bxi
`
Bψ
Bxi
g
˙
Λ
“ Λ
ˆ
Bf
Bxi
g ` f
Bg
Bxi
`
Bψ
Bxi
fg
˙
“
Λ
ˆ
Bpfgq
Bxi
`
Bψ
Bxi
fg
˙
“ 0.
It means that the transpose of the operator B{Bxi with respect to the
pairing (7) is ˆ
B
Bxi
˙:
“ ´
B
Bxi
´
Bψ
Bxi
.
The transpose of the multiplication operator by a function f with re-
spect to the pairing (7) is the same operator, f : “ f . We see that
any formal differential operator of finite order A on U has a trans-
pose A: with respect to this pairing. Suppose that a formal function
f P C8pMqrrνss lies in the kernel of the pairing (7), that is,
pf, gqΛ “ 0
for any formal function g. For any differential operator A on U we have
(8) ΛpAfq “ ΛpAf ¨ 1q “ pAf, 1qΛ “ pf, A
:1qΛ “ 0.
Assume that the jet of f “ f0 ` νf1 ` . . . at x0 is nonzero. Let r be
the least nonnegative integer such that the jet of fr at x0 is nonzero.
Since Λ0 “ αδx0, where α is a nonzero constant, we see from (8) that
pAfrqpx0q “ 0
for any differential operator A which does not depend on ν. It contra-
dicts the assumption that the jet of fr at x0 is nonzero. Therefore, the
pairing (7) induced on F is nondegenerate. 
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Formal oscillatory integrals should naturally appear in the framework
of deformation quantization because many star products are obtained
from asymptotic expansions of oscillatory integrals. In this paper we
are concerned with the family (2) of FOIs related to a star product
with separation of variables.
3. Deformation quantization
Let M be a Poisson manifold equipped with a Poisson bracket t¨, ¨u.
A formal deformation quantization on M is given by a ν-linear asso-
ciative product on the space C8pMqrrνss of formal functions,
(9) f ‹ g “ fg `
8ÿ
r“1
νrCrpf, gq,
where Cr are bidifferential operators on M and
C1pf, gq ´ C1pg, fq “ itf, gu.
The product ‹ is called a star product. It is assumed that the unit
constant is the identity for a star product, f ‹ 1 “ 1 ‹ f “ f for any f .
The product (9) naturally extends to the space C8pMqppνqq.
Two star products ‹ and ‹˜ on a Poisson manifold pM, t¨, ¨uq are called
equivalent if there exists a formal differential operator T “ 1`νT1` . . .
on M such that
f ‹˜g “ T´1pTf ‹ Tgq.
The operator T is called an equivalence operator between the star prod-
ucts ‹ and ‹˜.
If a star product ‹ on a manifold M is fixed, we denote by Lf and
Rf the left and the right star multiplication operators by a function f ,
respectively, so that Lfg “ f‹g “ Rgf . It follows from the associativity
of the star product that rLf , Rgs “ 0 for any functions f, g.
Since a star product ‹ on M is given by bidifferential operators, it
can be restricted to any open subset of M . Moreover, it induces a
product on the space of formal jets at a given point. We will retain the
same notation ‹ for these induced products.
If M is a symplectic manifold, then for each star product ‹ on M
there exists a ν-formal trace density µ globally defined onM such thatż
M
f ‹ g µ “
ż
M
g ‹ f µ
if f or g is compactly supported (see [17]).
The concept of deformation quantization was introduced in [1]. Kont-
sevich showed in [15] that star products exist on arbitrary Poisson man-
ifolds and gave an explicit parametrization of their equivalence classes.
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On symplectic manifolds Fedosov constructed star products in each
equivalence class in [7] and [8].
A star product (9) is called natural in [9] if, for every r, the bidifferen-
tial operator Cr is of order not greater than r in each argument. Many
important star products are natural, e.g., the Fedosov’s star products
(see [16]).
We call a formal differential operator N “ N0 ` νN1 ` . . . natural if
the order of the differential operator Nr is not greater than r for r ě 0.
A star product ‹ onM is natural if and only if the operators Lf and Rf
are natural for every f P C8pMqrrνss. We denote by N the space of
natural operators on M . It is an associative algebra. It is also a Lie
algebra with the operation A,B ÞÑ ν´1rA,Bs. Alternatively, ν´1N is
a Lie algebra with respect to the usual commutator A,B ÞÑ rA,Bs.
Denote by E the group of formal differential operators on M of the
form
exp
`
ν´1N
˘
,
where N “ ν2N2 ` ν
3N3 ` . . . P N. Observe that
exp
`
ν´1N
˘
“ 1` νN2 pmod ν
2q.
We call the operators from E the operators of exponential type.
Lemma 3.1. If S P E and A P N, then SAS´1 P N.
Proof. If S “ exppν´1Nq and N “ ν2N2 ` . . . P N, then
SAS´1 “ exppadpν´1NqqA “
8ÿ
r“0
1
n!
`
ν´1 adpNq
˘r
A,
where the series converges in the ν-adic topology. Since ν´1 adpNq
leaves N invariant, we see that SAS´1 P N. 
In [9] the following important theorem was proved.
Theorem 3.1. (S. Gutt and J. Rawnsley)
Any equivalence operator between two equivalent natural star products
is of exponential type.
4. The algebra B
In what follows we will use functions on formal neighborhoods of
embedded submanifolds. Let Y be an embedded submanifold of a
manifold X and let IY be the vanishing ideal of Y in C
8pXq. We call
C8pX, Y q :“ C8pXq{ X8k“1 pIY q
k
the space of functions on the formal neighborhood of Y in X .
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Given a manifoldM , we identify the diagonal ofM l withM (thus as-
suming thatM ĂM l for any l). An l-differential operator Cpf1, . . . , flq
on M defines a mapping
C : C8pM l,Mq Ñ C8pMq.
Let A :“ pC8pMqrrνss, ‹q be a star algebra on a Poisson manifoldM
with natural star product ‹. Denote by ĂM a copy of M with the
opposite Poisson structure. The opposite product f ‹opp g :“ g ‹ f is a
star product on ĂM . The product
d :“ ‹ b ‹opp
is a natural star product on M ˆ ĂM . For f, g, u, v P A we have
pf b gq d pub vq “ pf ‹ uq b pv ‹ gq.
Here b is a tensor product over the ring Crrνss. The product d induces
a product on C8pM ˆM,Mqrrνss which will be denoted by the same
symbol. We introduce the algebra B :“ pC8pM ˆM,Mqrrνss,dq.
We call an element of B factorizable if it is induced by a formal
function f b g P A b A, and use the same notation f b g for this
element. There exists a homomorphism F ÞÑ NF from B to N given
on the factorizable elements by
Nfbg “ LfRg.
We will prove that if M is symplectic, then this mapping is an iso-
morphism. To this end, we need to recall several definitions and facts
from [11].
If A is a differential operator of order r on a manifold M , then
its principal symbol SymbrpAq is a fiberwise polynomial function of
degree r on the cotangent bundle T ˚M . Given a natural operator
N “ N0 ` νN1 ` . . . on M , we call the formal series
σpNq :“
8ÿ
r“0
SymbrpNrq
the sigma symbol of N . It can be interpreted as a function on the
formal neighborhood of the zero section Z of T ˚M ,
σpNq P C8pT ˚M,Zq.
The mapping N ÞÑ σpNq is a surjective homomorphism from N onto
C8pT ˚M,Zq whose kernel is νN. It follows that the sigma symbol
σpNF q of F “ F0 ` νF1 ` . . . P C
8pM ˆ M,Mqrrνss depends only
on F0. It was proved in [11] that if M is symplectic, then the mapping
C8pM ˆM,Mq Q F0 ÞÑ σpNF0q
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is an isomorphism of C8pM ˆM,Mq onto C8pT ˚M,Zq.
Theorem 4.1. If ‹ is a natural star product on a symplectic mani-
fold M , then the mapping F ÞÑ NF is an isomorphism of the algebra B
onto N.
Proof. We will construct the inverse mapping of the mapping F ÞÑ NF .
Let N be an arbitrary natural operator on M . There exists a unique
element F0 P C
8pM ˆM,Mq such that
σpNF0q “ σpNq.
Then ν´1pN´NF0q P N. Let F1 denote the unique element of C
8pMˆ
M,Mq such that
σpNF1q “ σpν
´1pN ´NF0qq.
Hence, ν´2pN ´NF0´νNF1q P N. Continuing this process, we produce
a unique element F “ F0 ` νF1 ` . . . P B such that N “ NF . 
We say that a formal distribution Λ “ Λ0`νΛ1`. . . onM supported
at a point x0 P M is natural if the order of the distribution Λr is not
greater than r for every r. We denote the set of all such distributions
by N .
Lemma 4.1. A formal distribution Λ supported at x0 is natural if and
only if there exists a natural operator N P N such that
Λ “ δx0 ˝N,
i.e., Λpfq “ pNfqpx0q for any function f .
Proof. It is clear that if N P N, then Λ “ δx0 ˝ N P N . Conversely,
given Λ P N , one can fix local coordinates around x0 and find the
unique formal differential operator with constant coefficients C such
that Λ “ δx0 ˝ C. Then C is natural. It can be extended to a natural
operator onM by multiplying it by an appropriate cutoff function. 
Denote by τ the involution on B such that τpf b gq “ gb f . It is an
antiautomorphism of B. The algebra B acts on N so that an element
F P B maps Λ P N to Λ ˝NτpF q P N . Given F P B and x0 PM , we set
ΛF :“ δx0 ˝NτpF q.
Lemma 4.2. For f, g P A we have Λfbgphq “ pg ‹ h ‹ fqpx0q.
Proof.
Λfbgphq “ pNτpfbgqhqpx0q “ pNgbfhqpx0q “
pLgRfhqpx0q “ pg ‹ h ‹ fqpx0q.

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The formal distribution ΛF depends only on the jet of F at the
diagonal point px0, x0q P M ˆ M . We denote by F
p2q the space of
ν-formal jets on M ˆM at px0, x0q.
Lemma 4.3. If ‹ is a star product on a symplectic manifold M , then
the corresponding mapping F ÞÑ ΛF induces a surjective mapping
λ : F p2q Ñ N .
Proof. This statement follows from Theorem 4.1 and Lemma 4.1. 
Given a factorizable element f b g P F p2q, we get from Lemma 4.2
that
(10) xλpf b gq, hy “ pg ‹ h ‹ fqpx0q.
5. Star products with separation of variables
Berezin described in [2] and [3] a quantization procedure on Ka¨hler
manifolds which leads to star products with the property of separation
of variables (see, e.g., [4], [5], [6], [10], [14]). It is natural to consider
the star products with this property on pseudo-Ka¨hler manifolds. Re-
call that an almost-Ka¨hler manifold is a complex manifold equipped
with a real symplectic form of type p1, 1q with respect to the complex
structure.
Definition 5.1. A star product (9) on a pseudo-Ka¨hler manifold M
has the property of separation of variables of the Wick type if the opera-
tors Cr, r ě 1, differentiate the first argument in holomorphic directions
and the second argument in antiholomorphic ones. A star product is of
the anti-Wick type if Cr, r ě 1, differentiate the first argument in anti-
holomorphic directions and the second argument in holomorphic ones.
Remark. Observe that if ‹ is a star product of the anti-Wick type on
a pseudo-Ka¨hler manifold M , then the opposite product f ‹opp g :“
g ‹ f is a product of the Wick type on the manifold M with the same
complex structure but with the opposite symplectic structure. Also, ‹
is a product of the Wick type on the manifold ĎM , which is a copy of
M with the opposite complex structure but with the same symplectic
structure.
Let ‹ be a product of the anti-Wick type onM . If a is a holomorphic
function and b is an antiholomorphic function locally defined on M ,
then for any function f we have
a ‹ f “ af and f ‹ b “ bf,
i.e., La “ a and Rb “ b are pointwise multiplication operators.
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Throughout this paper we will denote the pointwise multiplication
operator by a function f by the same symbol f .
Let ω´1 be a pseudo-Ka¨hler form on M (which determines a sym-
plectic structure on M). In [10] it was shown that the star products of
the anti-Wick type on M are bijectively parametrized (not only up to
equivalence) by the formal closed (1,1)-forms
ω “ ν´1ω´1 ` ω0 ` νω1 ` . . .
on M . We will briefly recall this parametrization.
Suppose that ω is fixed. Let U be a contractible coordinate chart on
M with holomorphic coordinates tzku. There exists a formal potential
Φ “ ν´1Φ´1 ` Φ0 ` νΦ1 ` . . .
of ω on U , so that ω “ iBB¯Φ. As shown in [10], there exists a unique star
product of the anti-Wick type ‹ on M such that on every contractible
chart U and for any potential Φ of ω on U ,
L BΦ
Bzk
“
BΦ
Bzk
`
B
Bzk
and R BΦ
Bz¯l
“
BΦ
Bz¯l
`
B
Bz¯l
.
The formal form ω is called the classifying form of the star product ‹.
Every star product of the anti-Wick type has a unique classifying form.
Given a star product ‹ of the anti-Wick type on M , there exists a
ν-formal differential operator
I “ 1` νI1 ` ν
2I2 ` . . .
globally defined on M such that for any local holomorphic function a
and local antiholomorphic function b,
Ipabq “ b ‹ a.
It is called the formal Berezin transform of the star product ‹. Observe
that Ia “ a and Ib “ b. It is proved in [12] that
(11) Lb “ I ˝ b ˝ I
´1 and Ra “ I ˝ a ˝ I
´1.
One can recover the product ‹ from the operator I using that
pabq ‹ pa1b1q “ aIpa1bqb1,
where the functions a, a1 are local holomorphic and b, b1 are local anti-
holomorphic. The equivalent star product
(12) f ‹1 g :“ I´1pIf ‹ Igq
on M is a star product with separation of variables of the Wick type
(see [12]).
Lemma 5.1. The formal Berezin transform I of a star product of the
anti-Wick type ‹ is of exponential type.
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Proof. The star products with separation of variables ‹ and ‹1 are nat-
ural (see [16]). Since I is an equivalence operator between the products
‹ and ‹1, it is of exponential type according to Theorem 3.1. 
It was shown in [14] and [13] that for any point x0 P M and any
integer l ě 1 the functional
Kplqpf1, . . . , flq “ Ipf1 ‹
1 . . . ‹1 flqpx0q “ pIf1 ‹ . . . ‹ Iflqpx0q
on M l is a FOI at px0q
l PM l. Below we give a phase-volume form pair
associated with Kplq, which was found in [14] and [13].
Let U be a contractible neighborhood inM and Φ be a local potential
of the classifying form ω of the product ‹ on U . Let sU denote a copy
of U equipped with the opposite complex structure. One can find a
function Φ˜px, yq on U ˆ sU such that Φ˜px, xq “ Φpxq and
B¯Uˆ sUΦ˜
has zero of infinite order at every point of the diagonal of U ˆ sU . The
function Φ˜px, yq is called an almost analytic extension of Φ (see details
in [13] 2). For each l ě 1 we introduce a function Gplq on U l by the
formula
Gplqpx1, . . . xlq :“ Φ˜px1, x2q ` Φ˜px2, x3q ` . . .` Φ˜pxl, x1q
´pΦpx1q ` Φpx2q ` . . .` Φpxlqq.
This function defines an element of ν´1C8pU l, Uqrrνss, where U is iden-
tified with the diagonal of U l. This element does not depend on the
choice of the potential Φ and of the almost analytic extension of Φ.
Thus, taking such functions for every contractible neighborhood in M ,
we get a global element of ν´1C8pM l,Mqrrνss. We call it a cyclic
formal l-point Calabi function of the classifying form ω.
Now suppose that x0 P U and consider the function
(13) F plqpx1, . . . , xlq :“ G
pl`1qpx0, x1, . . . , xlq
on U l. The jet of F plq at px0q
l P U l is determined by the jet of Gpl`1q
at px0q
l`1 P U l`1, which is the jet of the formal pl ` 1q-point Calabi
function of ω at px0q
l`1.
It was shown in [14] and [13] that the FOI Kplq at px0q
l is associated
with the pair pF plq, µblq on U l, where µ is a trace density of the star
product ‹.
2One can check that Φ˜ defines a function on the formal neighborhood of the
diagonal of U ˆ sU which does not depend on the choice of the almost analytic
extension of Φ.
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The main goal of this paper is to develop an algebraic framework
which will incorporate the jet of the formal oscillatory exponent expGplq
at px0q
l PM l for every l ě 1.
6. The algebra C
Let ‹ be a star product of the anti-Wick type on a pseudo-Ka¨hler
manifoldM , I be its formal Berezin transform, and x0 be a fixed point
in M . We choose a coordinate chart U containing x0 with coordinates
tzk, z¯lu such that zkpx0q “ z¯
lpx0q “ 0 for all k, l. We consider various
jet spaces onM at the point x0 and onMˆM at the point px0, x0q. We
identify these spaces with spaces of formal series in local coordinates.
Denote by F “ Crrν, z, z¯ss the space of ν-formal jets on M at x0 and
by A “ pF , ‹q the algebra on F with the induced product ‹. Denote
by F p2q “ Crrν, z, z¯, w, w¯ss the space of ν-formal jets on M ˆ M at
px0, x0q, where tz
k, z¯lu and twk, w¯lu are the coordinates on the first
and the second factors of the chart U ˆU . For the involutive mapping
τ : F p2q Ñ F p2q such that τpf b gq “ g b f for f, g P F , one has
τpzkq “ wk and τpz¯lq “ w¯l.
Since ‹ is a natural star product on M and M is symplectic, one
can construct a bijection F ÞÑ NF from F
p2q onto the space N of
natural operators on M as in Section 4. For a factorizable element
f b g P F p2q, Nfbg “ LfRg. There is a mapping λ : F
p2q Ñ N to the
space N of natural distributions at x0,
λpF q “ δx0 ˝NτpF q,
which is surjective by Lemma 4.3. On factorizable elements fbg P F p2q
the mapping λ is given by formula (10).
The space J “ Crrz, z¯ss of jets onM at x0 has a descending filtration
J “ F0J Ą F1J Ą . . ., where FrJ is the space of jets which have zero
of order at least r at x0. We assume that FrJ “ J for r ă 0. We
introduce a filtration
F “ F0F Ą F1F Ą . . .
on the space of formal jets F “ J rrνss which agrees with the filtration
on J and for which the filtration degree of ν is 2,
FrF “ FrJ ` νFr´2J ` ν
2Fr´4J ` . . . .
We call it the standard filtration. Observe that F{FrF is a finite di-
mensional vector space over C. One can check that
F p2q “ limÐÝ
r
pF b Fq{FrpF b Fq,
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where the subspaces
FrpF b Fq :“
ÿ
i`j“r
FiF b FjF
form the standard filtration on F b F . Here b is the tensor product
over the ring Crrνss.
Lemma 6.1. The algebra A “ pF , ‹q is a filtered algebra with respect
to the standard filtration.
Proof. Since ‹ is a natural star product (see [16]), the bidifferential
operator Cr in (9) is of order not greater than r in each argument.
Therefore, if f P FiJ and g P FjJ , then Crpf, gq P Fi`j´2rJ and
νrCrpf, gq P Fi`jF , whence the lemma follows. 
Lemma 6.1 allows to extend various mappings of the space F b F
to its completion F p2q “ FbˆF with respect to the topology associ-
ated with the standard filtration. We will tacitly assume that these
extensions can be justified with the use of this lemma.
We define a filtered associative algebra C :“ pF p2q, ˚q, where the
product ˚ is given on the factorizable elements by the formula
pg1 b h1q ˚ pg2 b h2q :“ ph1 ‹ g2qpx0q ¨ pg1 b h2q.
We introduce a trace on C given on the factorizable elements by the
formula
(14) trpf b gq :“ pg ‹ fqpx0q.
One can check the trace property on factorizable elements,
trppg1 b h1q ˚ pg2 b h2qq “ ph1 ‹ g2qpx0q ¨ ph2 b g1qpx0q “
trppg2 b h2q ˚ pg1 b h1qq.
Lemma 6.2. For F P C, the following identity holds,
trF “ xλpF q, 1y.
Proof. Given a factorizable element f b g P F p2q, we get from for-
mula (10) that
trpf b gq “ pg ‹ fqpx0q “ xλpf b gq, 1y,
whence the lemma follows. 
We introduce a splitting of C,
(15) C “ G ‘H,
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where G “ Crrν, z, w¯ss and H is generated by z¯l and wk for all k, l, i.e.,
any H P H can be represented as
H “ z¯lAl ` w
kBk
for some Al, Bk P C. This splitting does not depend on the choice of
local holomorphic coordinates used in its definition. We will show that
in the splitting (15) the subspace G is a subalgebra of C and H is a
two-sided ideal of C.
Lemma 6.3. The subspace H Ă C is a two-sided ideal of the algebra C
which lies in the kernel of the mapping λ.
Proof. It suffices to check the statement of the lemma on the generators
U l “ pz¯luq b v “ pu ‹ z¯lq b v and V k “ ub pzkvq “ ub pzk ‹ vq
of H and factorizable F “ f b g P C, where u, v, f, g P F are arbitrary.
We have
F ˚ U l “ pf b gq ˚ ppu ‹ z¯lq b vq “
pg ‹ u ‹ z¯lqpx0q ¨ pf b vq “ ppg ‹ uqz¯
lqpx0q ¨ pf b vq “ 0,
because z¯lpx0q “ 0. Then we see that
U l ˚ F “ ppz¯luq b vq ˚ pf b gq “ pv ‹ fqpx0q ¨ ppz¯
luq b gq P H.
One can check similarly that F ‹ Vk P H and Vk ‹ F “ 0. It follows
that H is a two-sided ideal of C. We get from formula (10) that for any
h P F ,
xλpU lq, hy “ pv ‹ h ‹ u ‹ z¯lqpx0q “ ppv ‹ h ‹ uqz¯
lqpx0q “ 0,
because z¯lpx0q “ 0. Thus, λpU
lq “ 0. One can similarly check that
λpV kq “ 0, which implies the second statement of the lemma. 
Lemma 6.4. The subspace G Ă C is a subalgebra of C isomorphic to
the algebra C{H.
Proof. The space G is topologically generated by the elements a b b,
where a P Crrν, zss is formally holomorphic and b P Crrν, z¯ss is anti-
holomorphic. We have
pa1 b b1q ˚ pa2 b b2q “ pb1 ‹ a2qpx0q ¨ pa1 b b2q P G.
Therefore, G is a subalgebra of C. Clearly, it is isomorphic to the
algebra C{H. 
Let α : C8pUqrrνss Ñ F be the mapping that maps f to its jet at x0.
It is surjective by Borel’s theorem. We define a mapping
γ : C8pUqrrνss Ñ G
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as follows. Given f P C8pUqrrνss, let f˜ P C8pU ˆ sUqrrνss be an
almost analytic extension of f . We set γpfq equal to the jet of f˜ at
px0, x0q. This jet lies in G and does not depend on the choice of the
almost analytic extension of f . The mapping γ is surjective. There is
a bijection β : F Ñ G such that γ “ β ˝ α. In coordinates,
β : fpz, z¯q ÞÑ fpz, w¯q.
Lemma 6.5. Given g P C8pUqrrνss, the following formula holds,
λpγpgqq “ δx0 ˝ I ˝ g ˝ I
´1.
Proof. Let g “ ab, where a is a holomorphic and b is an antiholomorphic
function on U . Then γpgq “ a b b. Using formula (11), we get that
λpγpgqq “ δx0 ˝Nτpabbq “ δx0 ˝Nbba “ δx0 ˝ pRaLbq “
δx0 ˝ I ˝ pabq ˝ I
´1 “ δx0 ˝ I ˝ g ˝ I
´1.
For a generic g P C8pUqrrνss, the distribution δx0 ˝ I ˝ g ˝ I
´1 depends
only on the jet of g at x0 and the space F is topologically generated by
the elements αpabq. Therefore, the lemma follows from the calculation
above. 
Lemma 6.6. The restriction of the mapping λ to G, λ|G : G Ñ N , is
injective.
Proof. Let G be an arbitrary element of G which lies in the kernel
of λ. There exists g P C8pUqrrνss such that G “ γpgq. Then for any
h P C8pUqrrνss we have from Lemma 6.5 that
(16) Ipg ¨ I´1hqpx0q “ xλpγpgqq, hy “ xλpGq, hy “ 0.
It was proved in [14] that the distribution f ÞÑ pIfqpx0q is a FOI at x0.
By Lemma 2.1, the pairing u, v ÞÑ Ipu ¨ vqpx0q on C
8pUqrrνss induces
a nondegenerate pairing on F . Since I´1h is an arbitrary element of
C8pUqrrνss, we see from (16) that the jet of g at x0 is zero. Therefore,
G “ 0, whence the lemma follows. 
Corollary 6.1. The ideal H is the kernel of the mapping λ and the
mapping λ|G : G Ñ N is bijective.
Proof. The mapping λ is surjective by Lemma 4.3. It was proved in
Lemma 6.3 that H lies in the kernel of λ. The corollary follows from
the splitting (15) and Lemma 6.6. 
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7. The algebra of distributions
Corollary 6.1 implies that one can transfer the product ˚ from the
algebra C to N . We denote the resulting product on N by ‚.
Theorem 7.1. The algebra pN , ‚q is isomorphic to the algebra pG, ˚q –
C{H. The mapping
(17) N Q u ÞÑ xu, 1y
is a trace on the algebra pN , ‚q. Its pullback via the mapping λ is the
trace tr on C.
Proof. The theorem follows from Lemmas 6.4 and 6.2. 
In the rest of the paper we will express the trace of the product of
l elements of the algebra pN , ‚q in terms of the formal l-point Calabi
function of the star product ‹.
The standard filtration on F induces a filtration on the formal differ-
ential operators on F , which we also call standard. If A is a differential
operator of order r which does not depend on ν, its filtration degree is
at least ´r. We denote by Nx0 the algebra of natural operators on F .
These operators are induced by the operators from N. Observe that if
N “ N0 ` νN1 ` . . . is a natural operator, then the filtration degree of
νrNr is at least r.
In the remainder of this section ϕ “ ν´1ϕ´1 ` ϕ0 ` . . . is a formal
function on M such that x0 is a critical point of ϕ´1 with zero critical
value, ϕ´1px0q “ 0. We do not assume that the critical point x0 is
nondegenerate. Observe that the filtration degree of ϕ is a least zero.
Lemma 7.1. If N P Nx0, then e
´ϕNeϕ P Nx0.
Proof. Assume that N “ N0 ` νN1 ` . . . P Nx0 . Then for each r ě 0
the formal differential operator
(18) e´ϕpνrNrqe
ϕ “
rÿ
k“0
1
k!
p´ adϕqkpνrNrq
is of order not greater than r. The operator (18) is natural and its
ν-filtration degree is at least zero. Its standard filtration degree is at
least r. Therefore, the series
e´ϕNeϕ “
8ÿ
r“0
e´ϕpνrNrqe
ϕ
converges in the topology associated with the standard filtration to an
element of Nx0. 
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Below we define an action eϕ : u ÞÑ u ˝ eϕ on N which behaves
like a composition. However, the multiplication operator by the formal
oscillatory exponent eϕ is not a natural operator, because the Taylor
series of eϕ at x0 contains negative powers of ν.
Given u P N , there exists N P Nx0 such that u “ δx0 ˝N . We set
u ˝ eϕ :“ eϕpx0qδx0 ˝ pe
´ϕNeϕq.
Since ϕ´1px0q “ 0, we see that e
ϕpx0q P Crrνss. By Lemma 7.1, u ˝ eϕ is
an element of N . We will show that it does not depend on the choice
of N .
Lemma 7.2. If u has two different representations u “ δx0˝N “ δx0˝N˜
for N, N˜ P Nx0, then e
ϕpx0qδx0 ˝ pe
´ϕNeϕq “ eϕpx0qδx0 ˝ pe
´ϕN˜eϕq.
Proof. We have δx0 ˝ pN ´ N˜q “ 0. Therefore, in coordinates, one can
write N ´ N˜ “ zkAk ` z¯
lBl for some Ak, Bl P Nx0. We need to show
that
eϕpx0qδx0 ˝ pe
´ϕpN ´ N˜qeϕq “ 0,
which follows from the observation that
e´ϕpN ´ N˜qeϕ “ zke´ϕAke
ϕ ` z¯le´ϕBle
ϕ
and the fact that zkpx0q “ z¯
lpx0q for all k, l. 
Lemma 7.3. Let ϕ “ ν´1ϕ´1`ϕ0` . . . and ψ “ ν
´1ψ´1`ψ0` . . . be
formal functions on M such that x0 is a critical point of ϕ´1 and ψ´1
with zero critical value, ϕ´1px0q “ ψ´1px0q “ 0. Then for any u P N
one has
pu ˝ eϕq ˝ eψ “ u ˝ eϕ`ψ.
Proof. Let N P Nx0 be such that u “ δx0 ˝N . Then
pu ˝ eϕq ˝ eψ “ peϕpx0qδx0 ˝ pe
´ϕNeϕqq ˝ eψ “
eϕpx0q`ψpx0qδx0 ˝ pe
´ψe´ϕNeϕeψq “ u ˝ eϕ`ψ.

We introduce a ν-linear functional K : N Ñ Crrνss,
Kpuq :“ xu ˝ eϕ, 1y.
If A is a differential operator onM , we denote by At its transpose that
acts on a distribution u as Atu :“ u ˝A. Let v be a vector field on M .
Since νv and νvϕ are natural operators, then for u P N we get that
pνv ´ νvϕqtu P N .
Lemma 7.4. For any u P N , ppνv ´ νvϕqtuq ˝ eϕ “ pu ˝ eϕq ˝ pνvq.
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Proof. Assume that u “ δx0 ˝N for some N P Nx0. Then
pνv ´ νvϕqtu “ δx0 ˝N ˝ pνv ´ νvϕq.
Therefore,
ppνv ´ νvϕqtuq ˝ eϕ “ eϕpx0qδx0 ˝ pe
´ϕpN ˝ pνv ´ νvϕqqeϕq “
eϕpx0qδx0 ˝ pe
´ϕNeϕq ˝ pνvq “ pu ˝ eϕq ˝ pνvq,
because e´ϕ ˝ pv ´ vϕq ˝ eϕ “ v. 
Corollary 7.1. For any u P N , Kppνv ´ νvϕqtuq “ 0.
Proof. We have by Lemma 7.4 that
Kppνv ´ νvϕqtuq “ xppνv ´ νvϕqtuq ˝ eϕ, 1y “
xpu ˝ eϕq ˝ pνvq, 1y “ xu ˝ eϕ, pνvq1y “ 0.

Theorem 7.2. Let S : N Ñ Crrνss be a ν-linear functional such that
the equality
S
`
pνv ´ νvϕqtu
˘
“ 0
holds for any vector field v and any u P N . Then there exists a formal
constant cpνq P Crrνss such that
Spuq “ cpνqxu ˝ eϕ, 1y.
Proof. Consider a functional T : N Ñ Crrνss given by the formula
T puq :“ Spu ˝ e´ϕq.
We will show that T ppνvqtuq “ 0 for any vector field v and any u P N .
Let N P Nx0 be such that u “ δx0 ˝ N . Given a vector field v and
u P N , we have
T
`
pνvqtu
˘
“ Spppνvqtuq ˝ e´ϕq “ Sppδx0 ˝ pN ˝ pνvqq ˝ e
´ϕq “
Spe´ϕpx0qδx0 ˝ pe
ϕpN ˝ pνvqqe´ϕqq “
Spe´ϕpx0qδx0 ˝ pe
ϕNe´ϕ ˝ pνv ´ νvϕqqq “
Sppu ˝ e´ϕq ˝ ppνv ´ νvϕqqq “ Sppνv ´ νvϕqtpu ˝ e´ϕqq “ 0.
In local coordinates one can write any operator N P Nx0 as
N “ f ` Ap ˝
ˆ
ν
B
Bzp
˙
`Bq ˝
ˆ
ν
B
Bz¯q
˙
,
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where f “ N1 P Crrν, z, z¯ss and Ap, Bq P Nx0 . Then for u “ δx0 ˝ N
we have
T puq “ T
ˆ
δx0 ˝
ˆ
f ` Ap ˝
ˆ
ν
B
Bzp
˙
`Bq ˝
ˆ
ν
B
Bz¯q
˙˙˙
“
fpx0qT pδx0q ` T
˜ˆ
ν
B
Bzp
˙t
pδx0 ˝A
pq
¸
`
T
˜ˆ
ν
B
Bz¯q
˙t
pδx0 ˝B
qq
¸
“ fpx0qT pδx0q.
It follows that T puq “ T pδx0qxu, 1y. We set cpνq :“ T pδx0q. Using
Lemma 7.3, we get that
Spuq “ T pu ˝ eϕq “ cpνqxu ˝ eϕ, 1y.

Let x0 be a point in M , U be a contractible coordinate chart with
coordinates tzp, z¯qu such that zppx0q “ z¯
qpx0q “ 0 for all p, q, and Φ
be a potential of the classifying form ω of the star product ‹ on U . We
choose an almost analytic extension Φ˜ of Φ on U ˆ sU . In Section 5 we
introduced the cyclic function
Gplqpx1, . . . , xlq “ Φ˜px1, x2q ` . . .` Φ˜pxl, x1q ´ pΦpx1q ` . . .` Φpxlqq
on the neighborhood U l of the diagonal point px0q
l of M l. The jet
of the function Gplq at px0q
l P M l is given in local coordinates by the
formula
Gplqpz, z¯q “ Φpz1, z¯2q ` Φpz2, z¯3q ` . . .` Φpzl, z¯1q
´pΦpz1, z¯1q ` . . .` Φpzl, z¯lqq P ν
´1
Crrν, z1, z¯1, . . . zl, z¯lss,
where we have used the notations z “ pz1, . . . , zlq, zi “ pz
1
i , . . . , z
m
i q, z¯ “
pz¯1, . . . , z¯lq, z¯j “ pz¯
1
j , . . . , z¯
m
j q, and m “ dimCM . This is the jet of the
formal l-point Calabi function of ω at px0q
l.
Lemma 7.5. The diagonal point px0q
l P M l is a critical point of the
function Gplq with zero critical value.
Proof. Clearly, Gplqppx0q
lq “ 0. In local coordinates,
BGplq
Bzpi
“
BΦ
Bzp
pzi, z¯i`1q ´
BΦ
Bzp
pzi, z¯iq and(19)
BGplq
Bz¯qj
“
BΦ
Bz¯q
pzj´1, z¯jq ´
BΦ
Bz¯q
pzj , z¯jq,
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where we identify z¯l`1 with z¯1 and z0 with zl. Therefore,
BGplq
Bzpi
ppx0q
lq “ 0 and
BGplq
Bz¯qj
ppx0q
lq “ 0.

Remark. The point px0q
l PM l is a degenerate critical point of the func-
tion Gplq, but it is a nondegenerate critical point of the function (13).
Theorem 7.3. The following identity holds for any natural distribu-
tions u1, . . . , um P N ,
(20) xu1 ‚ . . . ‚ ul, 1y “ xpu1 b . . .b ulq ˝ expG
plq, 1y.
Remark. Observe that the left-hand side of (20) is the trace of the
product u1 ‚ . . . ‚ ul in the algebra pN , ‚q, which agrees with the fact
that Gplq is cyclic. The distribution u1b . . .bul on the right-hand side
is a natural distribution on M l supported at px0q
l.
Proof. We introduce a functional W plq on the space of natural distri-
butions on M l supported at the point px0q
l by the formula
W plqpu1 b . . .b ulq :“ xu1 ‚ . . . ‚ ul, 1y.
Suppose that ui “ λpfibgiq for 1 ď i ď l, where fi, gi P F are arbitrary.
Then, by formula (10),
W plqpu1 b . . .b ulq “ pg1 ‹ f2qpx0q ¨ pg2 ‹ f3qpx0q ¨ . . . pgl ‹ f1qpx0q.
Observe that δx0 “ λp1b 1q and δx0 ‚ δx0 “ δx0. Clearly,
W plq
`
δpx0ql
˘
“ 1 and xδpx0ql ˝ expG
plq, 1y “ xδpx0ql, 1y “ 1,
where we have used that δpx0ql “ δx0 b . . . b δx0 and G
plqppx0q
lq “ 0.
According to Theorem 7.2, in order to prove formula (20) it remains
to verify that for any i, j, p, q,
(21) W plq ˝
ˆ
ν
B
Bzpi
´ ν
BGplq
Bzpi
˙t
“ 0 and W plq ˝
ˆ
ν
B
Bz¯qj
´ ν
BGplq
Bz¯qj
˙t
“ 0.
We will check the first equality on the elements u1 b . . . b ul with
ui “ λpfi b giq, which topologically generate N . We use formula (19)
to calculate the action ofˆ
ν
B
Bzpi
´ ν
BGplq
Bzpi
˙t
“
ˆ
ν
B
Bzpi
´ ν
BΦ
Bzp
pzi, z¯i`1q ` ν
BΦ
Bzp
pzi, z¯iq
˙t
on u1 b . . .b ul. The operatorˆ
ν
B
Bzpi
` ν
BΦ
Bzp
pzi, z¯iq
˙t
THE ALGEBRA OF DISTRIBUTIONS 21
acts only on the factor ui in u1 b . . .b ul. We haveCˆ
ν
B
Bzp
` ν
BΦ
Bzp
˙t
ui, h
G
“
B
ui, ν
BΦ
Bzp
‹ h
F
“ˆ
gi ‹ ν
BΦ
Bzp
‹ h ‹ fi
˙
px0q “
B
λ
ˆ
fi b
ˆ
gi ‹ ν
BΦ
Bzp
˙˙
, h
F
.
Therefore,
uˆi :“
ˆ
ν
B
Bzp
` ν
BΦ
Bzp
˙t
ui “ λ
ˆ
fi b
ˆ
gi ‹ ν
BΦ
Bzp
˙˙
.
We get
W plqpu1 b . . .b uˆi b . . .b ulq “ xu1 ‚ . . . ‚ uˆi ‚ . . . ‚ ul, 1y “
pg1 ‹ f2qpx0q ¨ pg2 ‹ f3qpx0q ¨ . . . ¨ pgi´1 ‹ fiqpx0q ¨ˆ
gi ‹ ν
BΦ
Bzp
‹ fi`1
˙
px0q ¨ pgi`1 ‹ fi`2qpx0q ¨ . . . ¨ pgl ‹ f1qpx0q.
It remains to calculate
W plq
˜ˆ
ν
BΦ
Bzp
pzi, z¯i`1q
˙t
pu1 b . . .b ulq
¸
.
The jet ν BΦ
Bzp
pzi, z¯i`1q can be expressed as the following series convergent
in the topology associated with the standard filtration,
ν
BΦ
Bzp
pzi, z¯i`1q “
ÿ
α
aαpziqbαpz¯i`1q.
We haveCˆ
ν
BΦ
Bzp
pzi, z¯i`1q
˙t
pu1 b . . .b ulq, h1 b . . .b hl
G
“B
u1 b . . .b ul, ν
BΦ
Bzp
pzi, z¯i`1qph1 b . . .b hlq
F
“C
u1 b . . .b ul,
˜ÿ
α
aαpziqbαpz¯i`1q
¸
ph1 b . . .b hlq
G
“ÿ
α
´
pg1 ‹ h1 ‹ f1qpx0q ¨ . . . pgi ‹ aαpziq ‹ hi ‹ fiqpx0q ¨
pgi`1 ‹ hi`1 ‹ bαpz¯i`1q ‹ fi`1qpx0q ¨ . . . ¨ pgl ‹ hl ‹ flqpx0q
¯
“Cÿ
α
u1 b . . . uˆiα b uˆi`1α b . . .b ul, h1 b . . .b hl
G
,
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where uˆiα “ λpfibpgi ‹aαqq and uˆi`1α “ λppbα ‹ fi`1qb gi`1q. We have
thus proved thatˆ
ν
BΦ
Bzp
pzi, z¯i`1q
˙t
pu1 b . . .b ulq “
ÿ
α
u1 b . . . uˆiα b uˆi`1α b . . .b ul.
Now,
W plq
˜ˆ
ν
BΦ
Bzp
pzi, z¯i`1q
˙t
pu1 b . . .b umq
¸
“
W plq
˜ÿ
α
u1 b . . . uˆiα b uˆi`1α b . . .b um
¸
“ÿ
α
`
pg1 ‹ f2qpx0q ¨ . . . ¨ pgi´1 ‹ fiqpx0q ¨ pgi ‹ aα ‹ bα ‹ fi`1qpx0q ¨
pgi`1 ‹ fi`2qpx0q ¨ . . . ¨ pgl ‹ f1qpx0q
˘
.
We see thatÿ
α
pgi ‹ aα ‹ bα ‹ fi`1qpx0q “
ˆ
gi ‹ ν
BΦ
Bzp
‹ fi`1
˙
px0q,
because aα ‹ bα “ aαbα. Hence,
W plq
˜ˆ
ν
BΦ
Bzp
pzi, z¯i`1q
˙t
pu1 b . . .b ulq
¸
“
W plq
˜ˆ
ν
B
Bzpi
` ν
BΦ
Bzp
pzi, z¯iq
˙t
pu1 b . . .b ulq
¸
,
which proves the first equality in (21). The second one can be checked
similarly. 
Formula (20) allows to express the jet of expGplq at px0q
l in terms of
the algebra pN , ‚q for every l ě 1.
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